Abstract-This paper investigates the maximal channel coding rate achievable at a given blocklength n and error probability , when the codewords are subjected to a long-term (i.e., averagedover-all-codeword) power constraint. The second-order term in the large-n expansion of the maximal channel coding rate is characterized both for additive white Gaussian noise (AWGN) channels and for quasi-static fading channels with perfect channel state information available at both the transmitter and the receiver. It is shown that in both the cases, the second-order term is proportional to (n −1 ln n) 1/2 . For the quasi-static fading case, this second-order term is achieved by truncated channel inversion, namely, by concatenating a dispersion-optimal code for an AWGN channel subject to a short-term power constraint, with a power controller that inverts the channel whenever the fading gain is above a certain threshold. Easy-to-evaluate approximations of the maximal channel coding rate are developed for both the AWGN and the quasi-static fading case.
I. INTRODUCTION

R
ECENT works in finite-blocklength information theory have shed additional light on a number of cases where asymptotic results yield inaccurate engineering insights on the design of communication systems once a constraint on the codeword length is imposed. For example, feedback does not increase the capacity of memoryless discrete-time channels, but is exceedingly useful at finite blocklength [1] ; separate source-channel coding is first-order but not second-order optimal [2] ; the capacity of block-memoryless fading channels in the noncoherent setting increases monotonically with the coherence time, whereas for the nonasymptotic coding rate there exists a rate maximizing coherence time after which the coding rate starts decreasing [3] , [4] ; independent isotropic Gaussian-like signals achieve the capacity of multi-antenna channels under the assumption of perfect channel state information (CSI) at the receiver, but are not dispersion optimal [5] . While some of the insights listed above were known already from earlier works on error exponents (see, e.g., [6] , [7] ), analyses under the assumption of finite blocklength and nonvanishing error probability may be more relevant for the design of modern communication systems.
In this paper, we analyze a scenario, namely communication over a quasi-static fading channel subject to a long-term power constraint, for which the asymptotically optimal transmission strategy turns out to perform well also at finite blocklength. Specifically, we consider a quasi-static single-antenna fading channel with input-output relation given by
Here, x ∈ C n is the transmitted codeword; H denotes the complex fading coefficient, which is random but remains constant for all n channel uses; and Z ∼ CN (0, I n ) is the additive white Gaussian noise vector. We study the maximal channel coding rate R * qs,lt (n, ) achievable at a given blocklength n and average error probability over the channel (1) . We assume that both the transmitter and the receiver have perfect CSI, i.e., perfect knowledge of the fading gain H . To exploit the benefit of transmit CSI (CSIT), we consider the scenario where the codewords are subject to a long-term power constraint, i.e., the average power of the transmitted codewords, averaged over all messages and all channel realizations, is limited. This is in contrast to the conventional short-term power constraint, where the power of each transmitted codeword is limited. From a practical perspective, a long-term power constraint is useful in situations where the power limitation comes from energy efficiency considerations. For example, it captures the relatively long battery life of mobile terminals (at least compared to the duration of a codeword) in the uplink of cellular communication systems [8] . The notion of long-term power constraint is widely used in the wireless communication literature (see, e.g., [9] - [11] ) as it opens up the possibility to perform a dynamic allocation of power and rate based on the current channel state (also known as link adaptation [12] ).
For the scenario described above, the asymptotic limit lim n→∞ R * qs,lt (n, ), which gives the so called -capacity (also known as outage capacity), was characterized in [13] . Specifically, it follows from [13, Propositions 1 and 4] that for quasi-static single-antenna fading channels subject to the long-term power constraint 1 ρ,
where Fig. 1 . A single-codebook, variable-power scheme achieves (2) (see [13] ).
denotes the channel capacity of a complex-valued additive white Gaussian noise (AWGN) channel under the short-term power constraint ρ, and
with G |H | 2 denoting the fading gain, ½{·} standing for the indicator function, and F inv : [0, 1] → R + being defined as
As shown in [13] and illustrated in Fig. 1 , the -capacity C(ρ/ḡ ) can be achieved by concatenating a fixed Gaussian codebook with a power controller that works as follows: it performs channel inversion when the fading gain G is above F inv ( ); it turns off transmission when the fading gain is below F inv ( ). This single-codebook, variablepower scheme, which is sometimes referred to as truncated channel inversion [10] , [15, Sec. 4.2.4] , is attractive from an implementation point of view, as it eliminates the need of adapting the codebook to the channel state (for example by multiplexing several codebooks) [13] .
In this paper, we show that this single-codebook, variablepower scheme is also second-order optimal. Specifically, we prove i) that
where
denotes the dispersion [16, Definition 1] of a complex-valued AWGN channel subject to the short-term power constraint ρ, and ii) that truncated channel inversion achieves (6) . A single-codebook, variable-power scheme turns out to be second-order optimal also for the (simpler) scenario of AWGN channel subject to a long-term power constraint. Indeed, for this scenario we show that R * awgn,lt (n, ) = C
and that (8) is achieved by concatenating a dispersion-optimal codebook designed for an AWGN channel subject to a shortterm power constraint, with a power controller that sets the power of the transmitted codeword to zero with probability
Proof Techniques: The asymptotic expressions in (6) and (8) are obtained by deriving achievability and converse bounds that match up to second order. The achievability bounds rely on the truncated channel inversion scheme described above. The converse bounds are based on the meta-converse theorem [16, Th. 26] with auxiliary channel chosen so that it depends on the transmitted codewords only through their power. In deriving the converse bounds, we also exploit that the solution of the following minimization problem
is a two-mass-point distribution (with one mass point located at the origin), provided that γ is chosen appropriately and n is sufficiently large. In (9) , Q(·) stands for the Gaussian Q-function, γ is a positive number, and the infimum is over all probability distributions P on
The minimization in (9) arises when optimizing the -quantile of the information density over all power allocations. The remainder of this paper is organized as follows. In Section II, we focus on the AWGN setup and prove the asymptotic expansion (8) . We then move to the quasi-static fading case in Section III and establish (6) building upon (8) . In both Section II and Section III, we also develop easyto-evaluate approximations for R * awgn,lt (n, ) and R * qs,lt (n, ), respectively, and compare them against nonasymptotic converse and achievability bounds. Finally, we summarize our main findings in Section IV.
Notation: Upper case letters such as X denote scalar random variables and their realizations are written in lower case, e.g., x. We use boldface upper case letters to denote random vectors, e.g., X, and boldface lower case letters for their realizations, e.g., x. Upper case letters of a special font are used to denote deterministic matrices, e.g., X. For two functions f (x) and g(x), the notation
We use I a to denote the identity matrix of size a × a. The distribution of a circularly symmetric complex Gaussian random vector with covariance matrix A is denoted by CN (0, A) . The symbol R + stands for the nonnegative real line and ln(·) denotes the natural logarithm. The indicator function is denoted by ½{·}, and | · | + max{ · , 0}. Given two probability distributions P and Q on a common measurable space W, we define a randomized test between P and Q as a random transformation P Z | W : W → {0, 1} where 0 indicates that the test chooses Q. We shall need the following performance metric for the test between P and Q:
where the minimum is over all probability distributions P Z | W satisfying
II. THE AWGN CHANNEL
In this section, we consider the AWGN channel
An (n, M, ) lt code for the AWGN channel (12) consists of: 1) an encoder f : {1, . . . , M} → C n that maps the message J ∈ {1, . . . , M} to a codeword x ∈ {c 1 , . . . , c M } satisfying the power constraint
2) A decoder g: C n → {1, . . . , M} satisfying the average error probability constraint
Here, J is assumed to be equiprobable on {1, . . . , M}, and Y denotes the channel output induced by the transmitted codeword according to (12) . We shall refer to (13) as long-term power constraint [13] , as opposed to the more common and more stringent short-term power constraint
The maximal channel coding rate is defined as
This quantity was characterized up to first order in [17, Th. 77] , where it was shown that
The asymptotic expression (17) implies that the strong converse [18, p. 208] does not hold for AWGN channels subject to a long-term power constraint. Note that if we replace (13) with (15) or the average error probability constraint (14) with the maximal error probability constraint
the strong converse applies and (17) ceases to be valid. Theorem 1 below characterizes the first two terms in the asymptotic expansion of R * awgn,lt (n, ) for fixed 0 < < 1 and n large.
Theorem 1: For the AWGN channel (12) subject to the long-term power constraint ρ and for 0 < < 1, the maximal channel coding rate R * awgn,lt (n, ) is
where the functions C(·) and V (·) are defined in (3) and (7), respectively. 
]).
Proof: See Sections II-A and II-B below. Before proving (19) , we motivate its validity through a heuristic argument, which also provides an outline of the proof. For AWGN channels subject to the short-term power constraint π, the maximal channel coding rate R * awgn (n, ) roughly satisfies [16 
In the long-term power constraint case, the codewords need not be of equal power. Fix an arbitrary code with rate R that satisfies the long-term power constraint (13) , and let P be the probability distribution induced by the code on the normalized codeword power X 2 /n. We shall refer to P as power distribution. By (13), the nonnegative random variable must satisfy
Through a random coding argument, one can show that the following relation must hold for the best among all codes with rate R and power distribution P :
Here, (P ) denotes the minimum error probability achievable under the power distribution P . This error probability can be further reduced by minimizing (22) over all power distributions P that satisfy (21) . It turns out that, for sufficiently large n, the power distribution P * that minimizes the right-hand side (RHS) of (22) is the following two-mass-point distribution:
with ω 0 satisfying
Substituting (23) into (22), setting (P * ) = , and then using (24) , we obtain
where the last approximation is accurate when n is large. Since (26) implies that ω 0 ≈ ρ/(1 − ), we see from (23) that the optimal strategy is to transmit at power ρ/(1 − ) with probability approximately 1 − , and to transmit nothing otherwise. Substituting (26) into (24) and solving for R, we obtain the desired result
We next provide a rigorous justification for these heuristic steps.
A. Proof of the Converse Part
Consider an arbitrary (n, M, ) lt code. Let P X denote the probability distribution on the channel input X induced by the code. To upper-bound R * awgn,lt (n, ), we use the metaconverse theorem [16, Th. 26] with the following auxiliary channel Q Y | X :
The choice of letting the auxiliary channel in (28) depend on the transmit codeword through its power, is inspired by a similar approach used in [17, Sec. 4.5] to characterize the maximal channel coding rate for the case of parallel AWGN channels subject to a short-term power constraint, and in [20] for the case of quasi-static multiple-antenna fading channels subject to a short-term power constraint. With this choice, we have [16, Th. 26 ]
where β (·) (·, ·) was defined in (10) and is the average probability of error incurred by using the selected (n, M, ) lt code over the auxiliary channel Q Y | X .
Next, we lower-bound the left-hand side (LHS) of (29) . Let = X 2 /n. Under P XY , the random variable ln
has the same distribution as (see [16, eq. (205) 
where {Z i }, i = 1, . . . , n, are independent and identically distributed (i.i.d) CN (0, 1) random variables, which are also independent of . Using [16, eq. (102) ] and (30), we obtain the following lower bound
which holds for every γ > 0. As proven in Appendix I, the RHS of (29) can be upperbounded as follows: 
does not depend on the chosen code. Substituting (31) and (33) into (29), we obtain
Note that the RHS of (35) depends on the chosen code only through the probability distribution P that the code induces on = X 2 /n.
Let be the set of probability distributions P on R + that satisfy (21) . Maximizing the RHS of (35) over all P ∈ and then dividing both terms by n, we obtain the following upper bound on R * awgn,lt (n, ):
This bound holds for every γ > 0. Next, we study the asymptotic behavior of the RHS of (36) in the limit n → ∞. To this end, we first lower-bound
The random variables {T i }, i = 1, . . . , n, have zero mean and unit variance, and they are conditionally i.i.d. given . Furthermore, one can rewrite P[S n ( ) ≤ nγ ] using the {T i } as follows:
Using the Berry-Esseen Theorem (see, e.g., [16, Th. 44 ]), we next relate the cumulative distribution function of the random variable n −1/2 n i=1 T i ( ) on the RHS of (38) to that of a Gaussian random variable. For a given = π, we obtain
It follows from [20, eq. (179) ] that for all π > 0
Substituting (41) into (39) and then averaging (39) over , we conclude that
To eliminate the dependency of the RHS of (42) on P , we next minimize the first term on the RHS of (42) over all P in , i.e., we solve the optimization problem
which is identical to the one stated in (9) . The solution of (43) is given in the following lemma. Lemma 1: Let γ > 0 and assume that n ≥ 2π(e 2γ − 1)γ −2 . Then, 1) there exists a unique and
Here, q n,γ (·) stands for the first derivative of the function q n,γ (·).
2) The infimum in (43) is a minimum and the probability distribution P * that minimizes E P q n,γ ( ) has the following structure:
• if ρ < ω 0 , then P * has two mass points, one located at 0 and the other located at ω 0 . Furthermore,
• If ρ ≥ ω 0 , then P * has only one mass point located at ρ. Proof: To prove the first part of Lemma 1, we observe that the function q n,γ (·) defined in (40) has the following properties (see Fig. 2 ):
1) q n,γ (0) lim x→0 q n,γ (x) = 1 and q n,γ (e γ − 1) = 1/2; 2) q n,γ (·) is differentiable and monotonically decreasing for every γ > 0; 3) q n,γ (·) is strictly convex on [e γ − 1, ∞); 4) for every n ≥ 2π(e 2γ − 1)γ −2 and for every x ∈ [0, e γ − 1], the function q n,γ (x) lies above the line connecting the points (0, 1) and (e γ − 1, 1/2), i.e,
Furthermore, (46) holds with equality if x = 0 or x = e γ − 1. Properties 1-3 can be established through standard techniques. To prove Property 4, we start by noting that
(47)
Here, (49) follows because ln(1 + a) ≥ γ a/(e γ − 1) for every a ∈ [0, e γ − 1] and by setting a = e γ /(1 + x) − 1; in (51) we used that
Using (52), we obtain that for every n ≥ 2π(e 2γ − 1)γ −2 q n,γ (x) + 1 2
Here, in (53) we used that Q(x)+ Q(−x) = 1 for every x ∈ R, and in (55) we used that n ≥ 2π(e 2γ − 1)γ −2 and that Q(·) is monotonically decreasing. The RHS of (55) is nonnegative on the interval [0, e γ −1] since it is equal to zero if x ∈ {0, e γ −1} and it first increases and then decreases on (0, e γ −1). Finally, it can be verified that (46) holds with equality at x = 0 and at x = e γ − 1. Properties 1-4 guarantee that there exists a unique ω 0 ∈ [e γ − 1, ∞) and a line L 0 passing through the point
and that L 0 lies below q n,γ (x) for all x ≥ 0 (see Fig. 2 ). By construction, ω 0 is the unique number in [e γ − 1, ∞) that satisfies (44) and (45). This concludes the first part of Lemma 1.
We proceed now to prove the second part of Lemma 1. Let
where the infimum is over all probability distributions P on 
where Cl(S) and Conv(S) stand for the closure and convex hull of a given set S, respectively. Since q n,γ (x) ≥q(x) for all x ∈ R + , it follows that E ⊂Ê. Moreover, sinceq(·) is convex and continuous, its epigraphÊ is convex and closed. This implies that Cl(Conv(E)) ⊂Ê.
We next show thatÊ ⊂ Cl(Conv(E)). Consider an arbitrary (x 0 , y 0 ) ∈Ê. If y 0 >q(x 0 ), then by (56) there exists a probability distribution P satisfying E P [ ] ≤ x 0 and E P q n,γ ( ) < y 0 . By the definition of convex hull,
, then we can find a sequence {(x 0 , y n )} such that y n > y 0 for all n, and lim n→∞ y n = y 0 . Since {(x 0 , y n )} ⊂ Conv(E), it follows that (x 0 , y 0 ) ∈ Cl(Conv(E)). This proves thatÊ ⊂ Cl(Conv(E)) and, hence, (57).
We next characterizeq(·). Properties 1-4 imply thatq(x) coincides with the straight line connecting the points (0, 1) and
, and coincides with q n,γ (x) for x ∈ (ω 0 , ∞) (see Fig. 2 ). To summarize, we have that
The proof is concluded by noting that the probability distribution P * defined in Lemma 1 satisfies
i.e., it achieves the infimum in (43). We now use Lemma 1 to further lower-bound the RHS of (42), and, hence, further upper-bound the RHS of (36). Let ω 0 be as in Lemma 1. Assume that γ in (36) 
) (recall that the upper bound (36) holds for every γ > 0). For such a γ , we have
Note that the RHS of (62) can be made greater than ρ by choosing δ sufficiently small. Let
Using (62), (64), and Lemma 1, we conclude that for all γ ∈ C(ρ/(1 − )) − δ, C(ρ/(1 − )) + δ with δ chosen so that ρ < ω 0 , and all n ≥ n 0 ,
Substituting (65) into (42), then (42) into (36), and using that
We choose now γ as the solution of
In words, we choose γ so that the argument of the ln on the RHS of (66) is 1/ √ n. Evaluating (44) and (67) for large n, we conclude that ω 0 and γ must satisfy (see Appendix II)
Substituting (68) in (67) (recall the definition of q n,γ (·) in (40)), and using that
Finally, solving (68) for γ, and using (69), we conclude that
Observe now that γ belongs indeed to the interval
The proof of the converse part of Theorem 1 is concluded by substituting (67) and (71) into (66).
B. Proof of the Achievability Part
The proof is a refinement of the proof of [17, Th. 77] . Let (n, M n , n ) st , where
be a code for the AWGN channel (12) with codewords {c l }, l = 1, . . . , M n , satisfying the short-term power constraint
Set
and assume that n is large enough so that M > M n . We construct a code with M codewords for the case of longterm power constraint by adding (M − M n ) all-zero codewords to the codewords of the (n, M n , n ) st code. However, we leave the decoder unchanged in spite of the addition of extra codewords. The resulting code satisfies the long-term power constraint. Indeed,
At the same time, the average probability of error of the new code is upper-bounded by
Therefore, by definition,
Here, (78) follows from (74), and in (79) we used (72).
As noted in Section I, the strategy just described is equivalent to concatenating the (n, M n , n ) st code with a power controller that zeroes the power of the transmitted codeword with probability
and keep the power unchanged otherwise.
To conclude the proof, we show that there exists an (n, M n , n ) st code with n as in (72) and with codewords satisfying (73), for which
Before establishing this inequality, we remark that a weaker version of (81), We proceed now with the proof of (81). By applying the κβ bound [16, Th. 25] , with τ = n /2, F n {x ∈ C n : x 2 = nρ n }, and Q Y = CN (0, (1 + ρ n )I n ), we conclude that there exists an (n, M n , n ) st code with codewords in F n for which
Here
The infimum in (83) is over all conditional probability distri-
n /2 − e −c 2 n /c 1 for some constants c 1 > 0 and c 2 > 0 (see [16, Lemma 61] ) and that
We now further lower-bound the first term on the RHS of (86) as follows [16, eq. (103) ]:
where γ n satisfies
To conclude the proof, we show that, for sufficiently large n, the choice
satisfies (88). The desired result (81) then follows by substituting (89) into (87), and (87) into (86), and by using that
which follow from (72), (73), and from Taylor's theorem [23, Th. 5.15] .
To establish that (88) holds when γ n is chosen as in (89), we shall use a Cramer-Esseen-type central limit theorem on the LHS of (88). We start by noting that, under P Y | X=x 0 , the random variable ln
has the same distribution as (see (30))
are i.i.d. random variables with zero mean and unit variance, and
where the last step follows by choosing γ n as specified in (89).
To upper-bound the RHS of (95), we shall need the following version of Cramer-Esseen-type central-limit theorem. 
If
, then for every ξ and n
Here, k 1 E X 3 1 /(6 √ 2π), and k 2 is a positive constant independent of {X i } and ξ .
To apply Theorem 2, we need first to verify that the conditions under which this theorem holds are satisfied, i.e., that
and that
for some k 0 < 1. Both (98) and (99) Applying Theorem 2 to the RHS of (95), we obtain
where k 2 > 0 in (100) is a constant that does not depend on T 1 and n. Here, in (101) we used (98), that, by Lyapunov's inequality,
< ∞, and that
Furthermore, (102) follows because
The bound (102) implies that for the choice of γ n in (89), the inequality (88) holds for sufficiently large n. This concludes the proof of the achievability part of Theorem 1.
C. Convergence to Capacity
For AWGN channels subject to a short-term power constraint, it follows from [16, Sec. IV.B] that the finiteblocklength rate penalty compared to channel capacity is approximately proportional to 1/ √ n. In contrast, Theorem 1 in Section II shows that for AWGN channels subject to a long-term power constraint, this rate penalty is approximately proportional to √ n −1 ln n. To understand the implications of this asymptotic difference in convergence speed, we next complement our asymptotic characterization of R * awgn,lt (n, ) with numerical results and an easy-to-evaluate approximation that is more accurate than (8).
1) Normal Approximation:
We start by developing a normal approximation for R * awgn,lt (n, ) along the lines of [16, eq. (296) ]. We will then show through numerical results that this approximation is useful to characterize the speed at which R * awgn,lt (n, ) converges to C(ρ/(1 − )) as n → ∞. We define the normal approximation R N awgn,lt (n, ) of R * awgn,lt (n, ) to be the solution of 3
Note that this optimization problem is a special case of (43)
It then follows from Lemma 1 that the probability distribution that minimizes the LHS of (105) has two forms depending on n, , and ρ.
For small values of n or , the optimal probability distribution has only one mass point located at ρ. In this case, the resulting approximation R N awgn,lt (n, ) coincides with the normal approximation for the case of short-term power constraint, which we denote by R N awgn,st (n, ), and is given by [16, eq. (296) 
This suggests that a long-term power constraint is not beneficial in this scenario. Conversely, the long-term power constraint may be beneficial when the P solving (105) has two mass points, in which case we have
Next, we establish a sufficient condition for (107) to hold.
and if
where ω 0 is the solution of (44) with γ replaced by γ 0 . Since q n,γ 0 (·) defined in (40) is convex and strictly decreasing on [e γ 0 − 1, ∞), and since
the inequality (109) holds if and only if Fig. 3 . Nonasymptotic bounds on R * awgn,lt (n, ) and normal approximation for the case ρ = 0 dB, and = 10 −3 . Two nonasymptotic bounds for the case of short-term power constraint and the corresponding normal approximation are also depicted. Here, lt stands for long-term and st stands for short-term.
A direct computation shows that (111) is equivalent to
In Table I , we list the minimum blocklength required for the long-term power constraint to be beneficial for different values of ρ and , according to the normal approximation.
2) Numerical Results:
In Fig. 3 , we compare 4 the normal approximation (105) against nonasymptotic converse and achievability bounds for the case ρ = 0 dB and = 10 −3 . The achievability bound is computed by (numerically) maximizing (78) over n ∈ (0, ) with ln M n given in (82). The converse bound is computed by using (36). Note that the infimum
on the RHS of (36) can be solved analytically using the same technique as in the proof of Lemma for an AWGN channel with the same SNR and error probability, but subject to a short-term power constraint. We observe that for the parameters considered in this figure, the achievability Fig. 4 . Nonasymptotic bounds on R * awgn,lt (n, ) and normal approximation for the case ρ = 0 dB, and = 0.1. The normal approximation for the case of short-term power constraint is also depicted. Here, lt stands for long-term and st stands for short-term.
bounds for the long-term power constraint and the short-term power constraint coincide numerically. The same observation holds also for the normal approximation This is not surprising, since (112) implies that a blocklength n > 2.65 × 10 5 is required for R N awgn,lt (n, ) to be larger than R N awgn,st (n, ). In Fig. 4 , we consider the case ρ = 0 dB and = 10 −1 . In this scenario, having a long-term power constraint yields a rate gain compared to the case of short-term power constraint (about 4% when n = 1000). Observe that the blocklength required to achieve 90% of the -capacity for the long-term constraint case is approximately 650. For the case of shortterm power constraint, this number is approximately 320. Hence, for the parameters chosen in Fig. 4 , the maximal channel coding rate converges more slowly to the -capacity when a long-term power constraint is present. To conclude, we note that the approximation for the maximal channel coding rate obtained by omitting the O(1/ √ n) term in (8) is often less accurate than (105).
III. THE QUASI-STATIC FADING CHANNEL
We move now to the quasi-static fading channel (1). An (n, M, ) lt code for the quasi-static fading channnel (1) consists of: 1) an encoder f : {1, . . . , M} × C → C n that maps the message J ∈ {1, . . . , M} and the channel coefficient H to a codeword x = f (J, H ) satisfying the long-term power constraint
Here, J is equiprobable on {1, . . . , M} and the average in (114) is with respect to the joint probability distribution of J and H . 2) A decoder g: C n × C → {1, . . . , M} satisfying the average error probability constraint
where Y is the channel output induced by the transmitted codeword x = f (J, H ) according to (1).
As discussed in Section I, the -capacity of the quasi-static fading channel (1) is
where C(·) is defined in (3) andḡ in (4). Note that, for the AWGN case, a long-term power constraint yields a higher -capacity compared to the short-term case only under the average probability of error formalism (and not under a maximal probability of error-see Section II). For the quasistatic fading case, the situation is different and (117) holds also if the average error probability constraint (115) is replaced by the maximal error probability constraint
provided that H is a continuous random variable. Indeed, one way to achieve (117) under the maximal error probability formalism (118) is to employ the channel coefficient H as the common randomness shared by the transmitter and the receiver. Using this common randomness, we can convert the average probability of error into a maximal probability of error by applying a (H -dependent) relabeling of the codewords. If we replace (114) with the short-term power constraint
then (117) ceases to be valid and the -capacity is given by the well-known expression C(ρ F inv ( )) (see, e.g., [20] ). Theorem 3 below characterizes the first two terms in the asymptotic expansion of R * qs,lt (n, ) for fixed 0 < < 1 and large n.
Theorem 3: Assume that the input of the quasi-static fading channel (1) is subject to the long-term power constraint ρ. Let 0 < < 1 be the average probability of error and assume that 1) E[G] < ∞, where G |H | 2 is the channel gain; 2) CSI is available at both the transmitter and the receiver; 3) F inv (·) defined in (5) is strictly positive in a neighborhood of , namely, ∃ δ ∈ (0, ) such that
where C(·) and V (·) are defined in (3) and (7), respectively, andḡ is given in (4).
Remark 2:
The AWGN channel (12) , which can be viewed as a quasi-static channel with H = 1 with probability one, satisfies all conditions in Theorem 3. Indeed, Conditions 1 and 2 in Theorem 3 are trivially satisfied. Condition 3 is also satisfied, since for an AWGN channel F inv ( ) = 1 for every ∈ (0, 1). Therefore, Theorem 3 implies Theorem 1 (for the AWGN case, we have thatḡ = 1 − ).
Proof: See Sections III-A and III-B below.
Before proving Theorem 3, we motivate the validity of (120) through a heuristic argument, which also illustrates the similarities and the differences between the AWGN and the quasistatic fading case. Fix an arbitrary code with rate R that satisfies the long-term power constraint (114), and let P | G be the conditional probability distribution induced by the code on the normalized codeword power = X 2 /n given G. We shall refer to P | G as (stochastic) power controller. Note that P | G must be chosen so that (see (114))
For the quasi-static fading channel (114), the effective power seen by the decoder is G. Thus, the minimum error probability (P | G ) achievable with the power controller P | G is roughly (cf. (22))
As in the AWGN case, we need to minimize the RHS of (122) over all power controllers P | G satisfying (121). Because of Lemma 1, it is tempting to conjecture that, for sufficiently large n, the optimal power controller should be such that G has two mass points, located at 0 and ω 0 , respectively, with ω 0 satisfying (24) . This two-mass-point distribution can be achieved by choosing (g) to be equal to ω 0 /g with probability one if g > g th , and to be 0 with probability one if g < g th . For the case that the distribution of G has a mass point at g th , i.e., P[G = g th ] > 0, we need to choose (g th ) to be a discrete random variable supported on {0, ω 0 /g th }. Here, the threshold g th is chosen so as to guarantee that (121) holds with equality. The resulting power controller corresponds to truncated channel inversion. 5 Indeed, the fading channel is inverted if the fading gain is above g th . Otherwise, transmission is silenced. Although this truncated channel inversion power controller turns out to be optimal up to second order, in general it does not minimize the RHS of (122) for any finite n. This implies that some technicalities, which do not arise in the AWGN case, need to be taken care of in the proof of Theorem 3.
Using the truncated channel inversion power controller in (122), and then making use of (24), we obtain (assuming for simplicity that
where the last approximation holds when n is large. Using (5), we conclude that the minimum error probability must satisfy
Furthermore, combining (125) with (121), we conclude that
whereḡ was defined in (4) . Finally, the desired result follows from (24) and (126) as follows
A. Proof of the Converse Part
The proof follows closely that of the converse part of Theorem 1. We shall avoid repeating the parts that are in common with the AWGN case, and focus instead on the novel parts. For the channel (1) with CSI at both the transmitter and the receiver, the input is the pair (X, H ) and the output is the pair (Y , H ) . Consider an arbitrary (n, M, ) lt code. To upper-bound R * qs,lt (n, ), we use the meta-converse theorem [16, Th. 26] . As auxiliary channel Q Y | X H , we take a channel that passes H unchanged and generates Y according to the following distribution
Then, [16, Th. 26 ]
where is the average probability of error incurred by using the selected (n, M, ) lt code over the auxiliary channel Q Y | X H , and P X | H denotes the conditional probability distribution on X induced by the encoder.
As in Section II-A, we next lower-bound the LHS of (130) using [16, eq. (102)] as follows: for every γ > 0
where S n (·) was defined in (30), X 2 /n, and G |H | 2 . The RHS of (130) can be lower-bounded as follows (see Appendix III)
where η 0 is the solution of
Let
where the dependence on M is through η 0 . Substituting (131) and (132) into (130), taking the logarithm of both sides of (130), and using (134), we obtain
Note that the RHS of (135) depends on the chosen (n, M, ) lt code only through the conditional probability distribution P | G that the encoder induces on = X 2 /n. Maximizing the RHS of (135) over all P | G satisfying (121), we conclude that every (n, M, ) lt code for the quasi-static fading channel (1) must satisfy ln M ≤ nγ − ln inf
We next characterize the asymptotic behavior of the RHS of (136) for large n. We start by analyzing n (M). Choose an arbitrary g 0 > 0 such that
Here, in (138) we used that ln x < x for every x ∈ R + , in (139) we used that
Combining (133) with (141), we obtain
Since ln M ≤ nC(ρ/ḡ ) + o(n) (see (117)), we have
Substituting (143) into (134),
Here, in (145) we used again that ln x < x for every x ∈ R + ; (146) follows because E[G] < ∞. Combining (139) and (146), we conclude that
Substituting (147) into (136) and dividing each side of (136) by n, we obtain
Next, we evaluate the second term on the RHS of (148). Applying the Berry-Esseen theorem and following similar steps as the ones reported in (39)-(42), we obtain that
where the function q n,γ (·) was defined in (40). The infimum of E q n,γ ( G) over P | G can be computed exactly via the convex envelopeq(·) of q n,γ (·) (see Section III-C1).
In particular, if the distribution of G is discrete and takes finitely many (say m) values, then the minimizer P * | G is such that G takes at most m + 1 different values, and the RHS of (148) can be analyzed using a similar approach as in the AWGN case. However, the analysis becomes more involved when G is nondiscrete. To circumvent this difficulty, we next derive a lower bound on E q n,γ ( G) , which is easier to analyze and is sufficient to establish (120). Furthermore, as we shall see shortly, the resulting lower bound is minimized by truncated channel inversion.
Let γ belong to the interval
Using Lemma 1, we obtain that for all n > n 1 there exists a unique ω 0 ∈ [e γ − 1, ∞) satisfying (44) and (45). Let
Using (45) and that q n,γ (x) ≥ 0, ∀x ≥ 0, we conclude that
Note that the lower bound 1 − k(n, γ )x + differs from the convex envelopeq(x) of q n,γ (x) by at most 1/ √ n. Indeed, as it can be seen from Fig. 2 , for every x ≥ 0,
This suggests that if q n,γ (x) is replaced with the lower bound 1 − k(n, γ )x + , then the RHS of (149) is changed only by 1/ √ n, which is immaterial for the purpose of establishing (120).
We proceed to consider the following optimization problem
where the infimum is over all conditional probability distributions P | G satisfying (121). The solution of (155) is given in the following lemma.
Then, the conditional probability distribution P * | G that minimizes (155) satisfies
Proof: See Appendix IV. Note that the minimizer (158) is precisely truncated channel inversion. By Lemma 2, we have
Substituting (159), (153), and (149) into (148), we obtain R * qs,lt (n, )
We next choose γ to be the solution of
where the g th on the LHS of (161) depends on γ through k(n, γ ). Assume for a moment that the following relation holds
Combining (162) with (152) and (44), we obtain
Solving (44) and (163) for ω 0 and γ by proceeding as in the converse proof for the AWGN case (see Appendix II), we conclude that
Observe now that γ in (164) belongs indeed to the inter-
The converse part of Theorem 3 follows by substituting (164) and (161) into (160).
To conclude the proof, it remains to prove (162). By (161) and (5), we have that
where c 1 1 + 6 · 3 3/2 . If the LHS of (165) holds with equality, i.e., if F inv ( ) = g th , then we have
Here, (166) follows from (157); (167) follows from (161); and (168) follows from (4) . If the RHS of (165) holds with strict inequality, i.e., F inv ( ) < g th , then we have
The terms δ 1,n and δ 2,n defined on the RHS of (170) can be evaluated as follows
Here, (173) follows from (161), and (174) follows because, by (159) and (165), (170), (174) imply (162).
B. Proof of the Achievability Part
We build upon the proof of the achievability part of Theorem 1 in Section II-B. In the quasi-static case, the effective power seen by the decoder is G, where = f (J, H ) 2 /n denotes the normalized power of the codeword f (J, H ). The encoder uses the randomness in G to shape the effective power distribution-i.e., the probability distribution of G-to a two-mass-point probability distribution with mass points located at 0 and ρ/ḡ
For sufficiently large n, we have n < and, hence, n > 0. Let
and let
We define a randomized truncated channel inversion power-allocation function * (g) for each g ∈ R + such that the conditional distribution of * given G coincides with the one given in (158) with k(n, γ ) and g th replaced by 1/ρ n and F inv ( n ), respectively. Let M n denote the maximal number of length-n codewords that can be decoded with maximal probability of error not exceeding n over the AWGN channel (12) subject to the short-term power constraint ρ n . Let the corresponding code be (n, M n , n ) st and its codewords be
Consider now a code whose encoder f has the following structure
This encoder can be made deterministic by assigning power ρ n /F inv ( n ) to the first M n p * (F inv ( n )) codewords, where p * (·) is given in (157), and allocating zero power to the remaining codewords. The resulting code satisfies the longterm power constraint. Indeed,
Here, (179) follows from (178), (180) follows from (157), (176), and (177). The maximal probability of error of the code is upper-bounded by
Indeed, channel inversion is performed with probability
Channel inversion transforms the quasi-static fading channel into an AWGN channel. Hence, the conditional error probability given that channel inversion is performed is upper-bounded by n . When channel inversion is not performed, transmission is silenced and an error occurs with probability 1. This shows that the code that we have just constructed is an (n, M n , ) lt code, which implies that
From Section II-B, we know that
We next show that
The achievability part of Theorem 3 follows then by substituting (185) into (184) and by a Taylor series expansion of C(·) and V (·) around ρ/ḡ . To prove (185), we proceed as in (165)- (174), and obtain that
Since − n = O(1/ √ n ln n), and since F inv (·) is nondecreasing and positive at − δ for some δ > 0, we conclude that the RHS of (186) is O(1/ √ n ln n). This together with (177) establishes (185).
C. Convergence to Capacity
Motivated by the asymptotic expansion (120), we define the normal approximation R N qs,lt (n, ) of R * qs,lt (n, ) as follows
As for the AWGN case, we now compare the approximation (187) against nonasymptotic bounds. 1) Nonasymptotic Bounds: An achievability bound can be obtained by numerically maximizing (183) over all n ∈ (0, ) with ln M n (n, n ) given in (82). To obtain a nonasymptotic converse bound, we compute numerically the largest M that satisfies (136), i.e.,
To this end, we need to solve the optimization problem inf
on the RHS of (136). Next, we briefly explain how this is done. Let
For γ values sufficiently close to C(ρ/ḡ ) and for sufficiently large n, the function f n,γ (x) has a similar shape as q n,γ (x) (see Fig. 2 ). More precisely, f n,γ (0) = 1, f n,γ (·) is monotonically decreasing, and there exists an x 0 > 0 such that f n,γ (x) is concave on (0, x 0 ) and is convex on (x 0 , ∞). Let f (x) be the convex envelope of f n,γ (x) over R + . It follows thatf (x) coincides with the straight line connecting (0, 1) and
, and equals f n,γ (x) for x ∈ (x 1 , ∞) for some x 1 > 0. By Lemma 1, if G is a continuous random variable, then Fig. 5 . Nonasymptotic bounds on R * qs,lt (n, ) and normal approximation for a quasi-static Rayleigh-fading channel with ρ = 2.5 dB, and = 0.1. The normal approximation for the case of short-term power constraint is also depicted. Here, lt stands for long-term and st stands for short-term.
where the infimum on the RHS of (190) is over all functions π :
Sincef is convex by construction, the minimization problem on the RHS of (190) can be solved using standard convex optimization tools [24, Sec. 5.5.3] . In particular, if G is a continuous random variable, then the solution π * (·) of (190) satisfies
where ( 
2) Numerical Results: In Fig. 5 , we compare the normal approximation (187) against the converse and achievability bounds for a quasi-static Rayleigh fading channel with ρ = 2.5 dB and = 0.1. For comparison, we also show the normal approximation for the same channel with inputs subject to a short-term power constraint (see [20, eq. (59)]). As we can see from Fig. 5 , the gap between the normal approximation (187) and the achievability and converse bounds is less than 0.04 bit/(ch. use) for blocklengths larger than 500. We also observe that having a long-term power constraint in this scenario yields a significant rate gain 7 compared to the case of short-term power constraint already at short blocklengths.
IV. CONCLUSION
In this paper, we studied the maximal channel coding rate for a given blocklength and error probability, when the codewords are subject to a long-term power constraint. We showed that the second-order term in the large-n expansion of the maximal channel coding rate is proportional to √ n −1 ln n for both AWGN channels and quasi-static fading channels with perfect CSI at the transmitter and the receiver. This is in contrast to the case of short-term power constraint, where the second-order term is O(1/ √ n) for AWGN channels and O(n −1 ln n) for quasi-static fading channels. We developed simple approximations for the maximal channel coding rate of both channels. We also discussed the accuracy of these approximations by comparing them to non-asymptotic achievability and converse bounds.
For AWGN channels, our results imply that a long-term power constraint is beneficial only when the blocklength or the error probability is large. For example, for an AWGN channel with SNR of 0 dB and block error probability equal to 10 −3 , a blocklength of 265 000 is needed in order to benefit from a long-term power constraint.
For quasi-static fading channels, we showed that truncated channel inversion is both first-and second-order optimal. This result is particularly appealing for practical wireless communication systems, since it is a common practice in such systems to maintain a certain target rate through power control. Finally, numerical evidence shows that the rate gain resulting from CSIT and long-term power constraint occurs already at short blocklengths.
There are several possible generalizations of the results in this paper.
• One generalization is to consider the maximal achievable rate of codes under both short-term and long-term power constraints. In [13, Proposition 5] , it is shown that to achieve the -capacity, one of the power constraints is always redundant. Using the approach developed in this paper, it is not difficult to show that this is also true if one wants to achieve the second-order term in the expansion of R * (n, ).
• Another direction is to consider a total energy constraint on K successive packets for some finite K . This constraint lies in between the short-term and the long-term ones (the short-term and the long-term power constraints correspond to K = 1 and K = ∞, respectively). Assuming that the channel gain is known causally at the transmitter, the power-control policy that maximizes the outage capacity is obtained through dynamic programming, and no closed-form solutions are available in general [25] , [26] . 8 Determining the optimal powercontrol strategy under such a power constraint in the finite-blocklength regime is an open problem.
• In this paper, we assume that perfect CSI is available at the transmitter. A more realistic assumption is that the transmitter is provided with a noisy (or quantized) version of the fading coefficient. The impact of nonperfect CSIT on the outage probability of quasi-static fading channels are studied in [27] and [28] . In both papers, it is shown that nonperfect CSIT still yields substantial gains over the no-CSIT case. Whether this remains true in the finiteblocklength regime requires further investigations. Since
for all u < ln(1 + c 1 ), which implies that
The relation
can be proved in a similar way. The average probability of successful decoding 1− is then upper-bounded as (see Fig. 6 for a geometric illustration)
Here, (204) follows because ML decoding minimizes the average probability of error for a given code; (205) follows from (202) and (203) 
and (207) follows because 0 ≤ c 1 < c M ≤ Mρ. This concludes the proof of (32).
APPENDIX II PROOF OF (68)
To prove (68), we evaluate (44) and (67) for large n. Let
Since ω 0 ≥ e γ − 1 (see Lemma 1), we have y 0 ≥ 0, which implies that
Solving (67) for ω 0 , we obtain
Next, we solve (44) 
Substituting ( 
Assume for a moment that
for some finite constants 0 < k 1 < k 2 < ∞. Then, using (211), (213), and (217) in (216), and then taking the logarithm of both sides of (216), we obtain the sought-after
To conclude the proof of (68), it remains to demonstrate (217). We establish the upper bound in (217) through the following steps:
(220)
Here, (219) follows because ω 0 ≥ e γ − 1; (220) follows from (7), (213), and the lower bound in (211).
Next, we establish the lower bound in (217). Substituting both the lower bound in (211) and (220) 
Since k 3 > 0, it follows from (223) that
Using (225) in (210), we obtain
Finally, utilizing (226), we establish the desired lower bound on ϕ(ω 0 , γ ) as follows:
Here, in (228) we used (213), the upper bound in (211), and that V (ω 0 ) ≤ 1 for all ω 0 ≥ 0.
APPENDIX III PROOF OF (132)
As in the proof of (32), it suffices to analyze the average probability of error over the channel Q V | G with inputoutput relation (recall that G = |H | 2 , = X 2 /n, and V = Y 2 /n)
Here, {Z i }, i = 1, . . . , n, are i.i.d. CN (0, 1)-distributed. Let P | G be the conditional distribution of given G induced by the (n, M, ) lt code introduced at the beginning of Section III-A. By assumption, P | G satisfies (121). Furthermore, let¯ (g) be the conditional average probability of error over the channel Q V | G given G = g, and letπ(g) E[ | G = g]. It follows from (32) that
Hence,
The proof is concluded by noting that [10, eq. (7)] 
where η 0 is defined in (133).
APPENDIX IV PROOF OF LEMMA 2
To keep the mathematical expressions in this appendix compact, we shall indicate k(n, γ ) simply as k throughout this appendix. Let P G denote the probability distribution of the channel gain G. We start by observing that the conditional probability distribution P * | G specified in Lemma 2 satisfies the constraint (121) with equality, i.e.,
Furthermore, it results in
Consider now an arbitrary P | G . Let
To prove Lemma 2, it suffices to show that if E ˆ (G) is smaller than * , then P | G must violate (121). Indeed, assume that E ˆ (g) < * . Then 
Here, (240) follows from (238), and (241) follows from (235) and (158). This concludes the proof.
